We show that it is consistent that there is a non meager set of reals each of whose non meager subsets contains equal distances.
Introduction
In [1] , Erdős and Kakutani showed that the continuum hypothesis (CH) is equivalent to the following statement: There is a partition of the set of reals R into countably many rationally independent sets. It follows that, under CH, every non meager set of reals contains a non meager (in fact, everywhere non meager) subset avoiding equal distances. The aim of this note is to show that CH is needed here. Theorem 1.1. It is consistent that there is a non meager X ⊆ R such that for every non meager Y ⊆ X, there are a < b < c < d
Note that, by a result of Rado (Theorem 3.2 in [2]), we cannot require Y to avoid arithmetic progressions of length 3. Also by [1] , X cannot have size ℵ 1 . So we start by adding ℵ 2 Cohen reals and consider the set X of their pairwise sums. We then make every small subset Y of X meager using a finite support product where Y is small if it avoids equal distances. To capture the new subsets of X that may appear later, we use a sigma ideal I A. Kumar and S. Shelah (see below). The rest of the work is in showing that X remains non meager in the final model. The dual problem for the null ideal will be dealt with in a forthcoming work.
Proof
On notation: We sometimes identify x ∈ 2 ω by a real whose binary expansion is x. Addition is always the usual addition in R. We also sometimes interpret y ∈ R as a member of 2 ω which is the binary expansion of the fractional part of y. The relevant point here is that these transformations preserve meager sets.
Assume CH. Let
is a proper sigma ideal over S ⋆ . Let S γ : γ < γ ⋆ be a one-one listing of I. Let P add ℵ 2 Cohen reals x α : α < ω 2 . In V P , let Q = {Q γ : γ < γ ⋆ } be the finite support product where Q γ = Q Sγ is a sigma centered forcing making the set {x α + x β :
2 is finite (3)n = n k : k ≤ N is an increasing sequence of integers with n 0 = 0 and n k+1 − n k > 2
. It is clear that Q S is a sigma centered forcing adding a meager set covering X S = {x α + x β : {α, β} ∈ S}. We write X for X S⋆ .
Note that the set of conditions p = (p(0), p(1)) ∈ P⋆Q such that for each γ ∈ dom(p(1)), p(0) forces an actual value p(1)(γ) and for every {α, β} ∈ F p(1)(γ) , {α, β} ⊆ dom(p(0)) is dense in P ⋆ Q. We will always assume that our conditions have this form.
Claim 2.1. In V P⋆Q , whenever Y ⊆ X is non meager, there are y 1 < y 2 < y 3 < y 4 in Y such that y 2 − y 1 = y 4 − y 3 .
Proof of Claim 2.1: Choose S ⊆ S ⋆ such that Y = X S is non meager and suppose p forces this. Let S 1 = {{α, β} : (∃p α,β ≥ p)(p α,β {α, β} ∈S)}. So S 1 ∈ I + . Define an equivalence relation E on S 1 as follows:
It is clear that E is an equivalence relation on S 1 with countably many equivalence classes. Since S 1 ∈ I + , we can choose
l 0 , l 1 be the corresponding domain sizes. By Ramsey theorem, there is an infinite A 1 ⊆ A such that whenever α 0 < β 0 , α 1 < β 1 are from A 1 , for every i ∈ {0, 1} and k 0 , k 1 < l i , the truth value of γ
depends only on the order type of α 0 , β 0 , α 1 , β 1 . Choose α 1 < α 2 < α 3 < α 4 ∈ A 1 such that A 1 has at least two members between any two α i 's. It is easy to check that the conditions p α 1 ,α 3 , p α 1 ,α 4 , p α 2 ,α 3 , p α 2 ,α 4 have a least common extension q. For example, to see that p α 1 ,α 3 and p α 2 ,α 3 have a least common extension, choose some β ∈ A 1 ∩(α 2 , α 3 ) and use the fact that α 1 , α 3 , β, α 3 , α 2 , α 3 , β, α 3 and α 1 , α 3 , α 2 , α 3 have the same order type. Similarly, for p α 2 ,α 3 and p α 1 ,α 4 , choose β 1 < β 2 from (α 2 , α 3 ) ∩ A 1 and use that fact that α 1 , α 4 , β 1 , β 2 , α 2 , α 3 , β 1 , β 2 and α 1 , α 4 , α 2 , α 3 have the same order type. Now q forces that x α 1 + x α 3 , x α 1 + x α 4 , x α 2 + x α 3 and x α 1 + x α 4 are in Y and (
Proof of Claim 2.2: Suppose not. Let p ⋆ , T m : m < ω be such that
is ccc, we can assume that eachT m is in V P⋆ k≥1 Q k where Q k = Q S k for some S k ∈ I. For each {α, β} ∈ S ⋆ , choose p α,β , m(α, β), k(α, β), v(α, β), l(α, β), n(α, β) etc. such that the following hold. (1) {α, β} / ∈ k≥1 S k (2) m(α, β) = m ⋆ , k(α, β) = k ⋆ , l(α, β) = l ⋆ , n(α, β) = n ⋆
